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Abstract. Spectral properties of a loaded two-dimensional Laplace operator, studied in
this work are the application with the stabilization of solutions of problems for the heat
equation. The stabilization problem (of forming a cylinder) of a solution of boundary value
problem for heat equation with the loaded two-dimensional Laplace operator is considered.
An algorithm is proposed for approximate construction of boundary controls providing the
required stabilization of the solution. The work continues the research of the authors carried
out earlier for the loaded one-dimensional heat equation.

The idea of reducing the stabilization problem for a parabolic equation by means of bound-
ary controls to the solution of an auxiliary boundary value problem in the extended domain
of independent variables belongs to A.V. Fursikov. At the same time, recently, the so-called
loaded differential equations are actively used in problems of mathematical modeling and
control of nonlocal dynamical systems.
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1 Introduction

The idea of reducing the stabilization problem for a parabolic equation by means of
boundary controls to an auxiliary boundary value problem in the extended domain
of independent variables belongs to A.V. Fursikov. It was proposed in his work [1]
and developed further in the works [2, 3, 4]. At the same time, recently, the so-
called loaded differential equations [5, 6, 7, 8, 9, 10| are actively used in problems of
mathematical modeling and control of nonlocal dynamical systems. We have previously
studied stabilization problems for a loaded one- and two-dimensional heat equations
[11, 12, 13]. In this work, we investigate the spectral properties of the loaded two-
dimensional Laplace operator, which are applied to the solution of the stabilization
problem.

Let Q = {z,y : —7/2 < z,y < 7/2} be a domain with a boundary 0. In the
cylinder Q@ = Q x {t > 0} with lateral surface ¥ = 99 x {t > 0} we consider the
boundary value problem for the loaded heat equation

M N
ur — Au + Z A UW(T, Y, T) + Zﬁn cu(z,yn, t) =0, {z,y,t} € Q, (1)
m=1 n=1
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U(l‘7y,0) :Uo([E,y), {ﬁ,y} EQ? (2)
u(z,y,t) = p(z,y,t), {z,y,t} €, (3)

where {z,, yn, m=1,.., M, n=1,..., N} C (—7/2,7/2) are fixed, {am, Bn, m =
1,..M, n =1,..,N} C C are given complex numbers, ug(z,y) € L2(£2) is given
function.

The aim is to find a function p(z,y,t) such that a solution of the boundary value
problem satisfies the inequality

(@, v, ) ) < Coe™, 0 >0, t>0. (4)

Equation (1) is called a loaded equation [5, 6]. We note that problem (1)—(4) with
a single load point was studied in [13].

For problem (1)—(4) in Section 2, an auxiliary stabilization problem is associated
with it by expanding the region of independent variables. To solve this auxiliary prob-
lem (5)—(7) in Section 3 we consider spectral properties of the loaded two-dimensional
Laplace operator. Section 4 contains the main results of the work which were formu-
lated in the form of Lemmas 4.1, 4.2, 4.3 and 4.4, establishing the desired spectral
properties. Sections 5 and 6 give the proofs of Lemmas 4.1 and 4.2, respectively. Sec-
tions 7 and 8 give the proofs of Lemmas 4.3 and 4.4, respectively. On the basis of
these results, an algorithm for solving the stabilization problem (1)-(4) is proposed.
In Section 9, an algorithm for solving problem (1)—(4) is given, where the solution of
problem (1)—(4) is found as a trace of the solution of the auxiliary problem (5)—(7).

2 The auxiliary boundary value problem

We introduce the auxiliary boundary value problem. Let Q = {z,y: —7 < x,y < 7}
and Q1 = Oy x {t > 0}.

M N
Zt — AZ + Z Oy - Z(:Emay7t) + Zﬁn : Z(xaynat) = 07 {x7yat} € Qh (5)
m=1 n=1

Z(.Z‘,y,O) :ZO('ray)v {x7y}EQh (6)
8j2(—71'7 Y, t) _ 8jZ(7T7 Y, t) .
dz(x,—m,t)  z(x,m,t)

j=0,1.
The problem is to find an initial function zo(x,y) such that a solution of the BVP
satisfies the inequality

Hz(xvy7t)HL2(Ql) < Coeigtv o> 07 t> 07 (8)

where the constants Cj and o are the same as in the original problem (1)—(4).
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3 Statement of the spectral problems for the loaded
two-dimensional Laplace operator

Let us search for a solution of the problem (5)—(7) in the form

z(w,y,t) = Z Z()Vu(x,y), Zu(t) = (2(x,y,1), ou(,9)), 9)
k,1€Z
where (-, -) denotes a scalar product, and {px(x,y), k,l € Z}, {Yu(z,y), k, | € Z} are
a biorthogonal bases of the space Lo((—m,m)?) and Z = {0,41,+2,...}. The follow-
ing two spectral problems are considered for construction of the biorthogonal bases
{or(z,y), k1 €Z}, {tbu(z,y), k,l € Z} in the domain Q ={z,y: — 7 <z <7,—7 <
y <7}
M
=8¢, y) + 3 mp(Tm, y) = Ap(z,y),

m=1

(10)
Fo(=my) _ Po(my) Foa,—m)  Po(x,)
OxJ oxi Oy oyi 7’

~ gl )+ 3 nplomsy) + 3 Gl ) = el
)

Vo(—m,y)  Po(r,y) Folx,—m)  Fo(z, )

i oxi 7 oyi oy
where j = 0,1, A is the Laplace operator, {a, 8,, m=1,... M, n=1,.., N} C C
are given complex numbers, A\ € C is a spectral parameter.

4 Main results

M _ N M N
Let Z={0,£1,+2, ..}, a= > am, 5=, Bu, T= D, Tm, Y= »_ Yn. The following
m=1 n=1 m=1 n=1
propositions are valid.

Lemma 4.1. (a). LetV 1 € Z : a # I*. Then a system of eigenfunctions and eigen-
values of the problem (10) is defined in the form:

M .
Z Q- ezlrm
m=1

or(r,y) = | 7+ "—— s e Ny =P+ kK 1eZ =7\{0};

oro(m,y) =™ Mo=a+k (1=0), k€ Z}. (12)

(b). Let 31y € Z: a =13. Then a system of eigenfunctions, associated functions
(marked with ~) and eigenvalues of the problem (10) is defined in the form:

M .
Z Qi - ezla:m
{%l(% y) = <6M + >€iky, Na =+ k2 1€ Zy = TN\ {£lo};

2—a
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o (m,y) = €™, G5 (x,y) = eFlolDtky Ny =a+k® (a=10), ke Z}- (13)

° e (a). LetViIeZ:a+# 12. Then a biorthogonal sequence for the basis
(12) 18
{Vu(x,y), k,l €Z} =

M
Z Q- et i(r(z+zm)+ky)
m=1

_ i(le+ky) /
{ , %Z - ,leZ,keZ}, (14)

reZ
which defines a biorthogonal basis in Lo((—m, ) X (—m,m)).
(b). Let 31y € Z: a=1% Then a biorthogonal sequence for the basis (13) is

M
. Z Q- Z(T x+Tm)+ky)
) To- y o= L keZ,le? . (15)

T r2 —a
reZ\{£lo}

6z(lx+ky)

which defines a biorthogonal basis in Ly((—m, ) X (—m,T)).

Lemma 4.3. (a). LetV k, 1 €Z: B #k? a# (> Then a system of eigenfunctions
and eigenvalues for the problem (11) is defined in the form:

M
Z Q- eil:cm Z ﬁn . eikyn
_ ilx m=1 ik n=1
{(Pkl('ruy>_ (6 + 12 — & )( y+ kz_B )7

% :
O etlem

M=k +1 kleZ; ¢+ mllz— M =p+12 1€,
—
N .
Z/Bn.elkyn
’ka_i_:ke—_B, )\kOZkQ—i—C_Y, k’EZ,; 1, )\00_0_4+6} (16)

(b). LetVkeZ: B#k*and3 1y €Z: a=12. Then a system of eigenfunctions,
associated functions (marked with ~) and eigenvalues for the problem (11) is defined

in the form (where 7\, = Z"\{=£lo}):
ikyn

N
Q- eila:m Z Bn e
_ ilx 1 iky n=1 _
{gpkl(‘x? y) (e + l2 _ 6[ ) (e + kf2 _ /8 ) 9

ﬁn'elyn
19 2 Z/ ZI. _'ka n:l—
Ma =k +0, ke, 1 €Z; on(n,y) =e™ + 2_F

NS
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N .
Z /Bn . ezkyn
@Eo(x’y) — ezl:ilo(x—i) <€iky + "11{;2—_B>’ /\klo _ k?2 +a, a= l(Q)7 ke Z/;
¢0lo(x7y) = 17 95(:)50($7y) = eiilO(x_j)a /\Olo =a+ B} (17)

(c). LetV1€Z: a#1?>and I ko €Z: B=Kk: Then a system of eigenfunctions,
associated (marked with ~) functions and eigenvalues for the problem (11) is defined

in the form (where 74 = Z'\{xko} ):

iz

N
am .e Z ﬁn . eikyn
_ ilx 1 ik n=1

M .
Z Q- ezlmm
m=1

2—a

N

M=k 4+ kel 1€ prlz,y) =™ +

M .
Z Q- ezlacm
By (1, y) = oD <€ilz + ‘m:1l2 —a )’ Mt = B+ 12, B=kg, L€ Z;
ngoo(ZL',y) = 1a @koO(l‘ay) = eﬂ:iko(y—z})’ )\kOO =a+ /6} (18)

(d). Let 3 ko, lo €Z: B=kE a=1I% Then a system of eigenfunctions, associated
functions (marked with ~) and eigenvalues for the problem (11) is defined in the form:

Z am_ezl:vm Z 5n'62ky"
= |elepm=t iky pon=l
ot = (2 + S ) (o )

M
Z Q- eilzm

M =K+ 12 k€ Zy, L€ 75 prop(w,y) = €' + 2 =——,
M .
z Q- ezlmm
‘ﬁif()z(%y) — eizko(y*??) <€zlx + %)7 )\kol — 5 + 127 6 _ kg’ = Z/l;
N .
Z BTL . ezkyn
oy (7,y) = N 4 B kY ke 2y

Pkolo ({L‘, y) = 1a @kolo (ZL’, y) = eiikO(y_g)a )\kolo =+ B;
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N .
Z ﬁn . ezkyn
iy (w,y) = =D (eiky i nl/ﬁ—B)’ G+ K ke Zy
@kolo (xa y) = eiilO(xii)a @kolo (377 y) = eiiIO(zii)iikO(yig), )‘kﬂlo sat ﬁ} (19)

Lemma 4.4. (a). LetV k, 1 €7Z: B #Kk? a#I>. Then a biorthogonal sequence for
the basis (16) is

1 Z B, - eirytyn)+iz+2))
{Vui(z,y), k,l€Z} = eillatky) — _ — Z

) o) Y
2 2 _
rez r 5

M
) Z Q- ei(r(x-l—zm)-i-k(y-i-ﬂ))

= = k1€,

rZ —a
reZ

M N '
. S 3 apmfy, - el r@tEm)Fslytyn)

w2 E D) | 20

which defines a biorthogonal basis in Ly((—m,7) x (—m,7)).
(). LetVkeZ: 34k and3loeZ: a=12

. Then a biorthogonal sequence for
the basis (17) is

N
Z et (r(y+yn)+1(z+7))

. 1
. i(la+ky)  —
{wkl(x), k’,l c Z} =4 € v y o 2; r2 — B )

M
Z Q- ei(r(w+xm)+k(y+g))

1 m=1 /
DY o ko le?,
reZ\{£lo}
. Z Z amﬁn et (s(z+zm)+r(y+yn))
m=1n=1
A2 Z 2 _ =\ (2 _ R ’ (21)
A rez, seZ\{£lo} (s2—a) (r* - B)

which defines a biorthogonal basis in Lo((—m, ) X ( 7)).

(c). LetVI1e€Z: a#1?and I ko € Z: B

Then a biorthogonal sequence for
the basis (18) is

N
Z r(y+yn)+l(z+T))

» 1
{Yule). k1€ 2z} = q ), —— o

2 _ )
reZ\{xko} r 6
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M
. Z Q- 6i(r(:}c+zm)+k(y+ﬂ))
m=1 !
- , k,lel,
2T Z; r2 —a
M N
Z Z . 1(5 T+2m ) +7(y+yn))
1 — =
— =Ln= _ , 92
472 (s2—a) (12— B (22)

reZ\{+ko}, s€Z

which defines a biorthogonal basis in Ly((—m,7) X (—m,m)).
(d). Let 3 ko, lo € Z: B=k: a=1I2. Then a biorthogonal sequence for the basis
(19) is

N
Z r(y+yn)+l(z+7))

; 1
{Vu(x), k,1 € Z} = { elthy), - R ) |

2 __
TGZ\{:E]CQ} " /8

M
Z a,, - elr@+en) Hhy+9)

1
—— E k,le?
27 2 — @ B LS 2,
reZ\{xlo}

M N
Z amﬁn . ei(S(CC-‘rxm)-i-T(y—‘ryn))

1 m=1n=1
R Z <S2 _ a) (7"2 _ B) ’ (23>

reZ\{xko}, s€Z\{xlo}

which defines a biorthogonal basis in Lo((—m,m) X (—m,m)).

A one-dimensional analogue of the problems (10) and (11) is studied in [13].

5 Proof of Lemma 4.1

Using the method of separation of variables

er(@,y) = Xi(x)Ye(y), k, L € Z, (24)
" M
—Ni@) Z—l o Xa(m) -Y, (y) 1 2
X, P = ke @)

and for the solution of (10) we obtain the following spectral problems

M

~X) (1) + X anXi(wn) = AV Xi(2),
m=1

X (—m)=xP(x), j=0,1,1€Z,
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As we know, the solution of problem (27) has the form:
{Yk(y) =ity AD Z 2 fe z} . (28)

For the problem (26) it is necessary to consider the following two cases: (a) A1 €
Z:a=0*®3ILeZ: a=1.

(a) Let #1 € Z: a= (> We note that the general solution of the loaded differential
equation (26) is represented as a linear combination of the following complete system
of periodic functions:

d)(z) =€''" 1€},
!

as:

Xl(l') = Aleilx +C), leZ, (29)

where the undetermined coefficients A;, C; are to be determined from the loaded dif-
ferential equation (26). We have:

M
Z Uy, - 6il:vm

C=A"=t €7, C)=A,.

2—a

Carrying out the normalization of these coefficients, from this and from (29) we finally
obtain the solution of the spectral problem (26):

X _ il m=1
e

M .
E Q- ezlzm
{ AV =2 1e7 Xo(x) =1, AV :a}. (30)

Relations (24), (28) and (30) imply statement (a) (12) of Lemma 4.1.
(b) Let 31y € Z: @ =I[2. By analogy with the previous case (a), we have:

M
Z Uy, - eil:pm

Cl = AlmZI—d, l e le = Z, \ {:l:l()}7 O() = A().

12 —
Carrying out the normalization of these coefficients, from this and from (29) we finally
obtain the system of eigenfunctions and eigenvalues for the spectral problem (26):

M .
Z Q- ezlmm
m=1

{Xl(l‘):eilx—i——lz_a , /\l(l) :lQ, lEle;

Xagp(w) =1, \}) =a = (:I:ZO)Q}. (31)



Spectral problems arising in the stabilization problem... 31

Let us find the associated function for the eigenfunction Xy, (x) = 1, corresponding
to the eigenvalue )\(ill)o = a = (+lp)?. We have:

i) 32 an iy (om) = (1)K ) = (10" )
XD(—m)=XP(x), j=0,1.

lo lo

M

Hence for the eigenvalue . «,, = (+ly)? we find the desired associated function:
m=1

X:I:lo (I) = Giilo(x_j). (33)

Thus, for the spectral problem (26) the system of eigenfunctions and associated
functions and eigenvalues takes the form:

M .
Z Qi - 6zlxm
m=1

{Xl(x) =€l T r2_a ND =12 1 el Xo,(x) =1,

Xig(w) = eFlole=0 3\ =5 = (ilo)Q}. (34)

Relations (24), (28) and (34) imply statement (b) (13) of Lemma 4.1. Thus,
Lemma 4.1 is completely proved.

6 Proof of Lemma 4.2
Let us find a biorthogonal sequence for (12) (case (a)). We search for it in the form:
{u(z,y), k, 1 €Z} = {ei<l$+ky), folx)e*, 1eZ, kel }, (35)

where only a function fy(z) is unknown. Using the basis (12), we search for the
unknown function fy(x) in the form:

M
Z Q- eikxm

fol) = Co+ Sy [emram |

T —o
reZ’

where {C,, r € Z'} are unknown coefficients, which must be determined by biorthog-
onality conditions:

M
Z Q- eila:m

(1, fo(x)) =1; | €™+ %7 folx) | =0, 1e€Z.
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The last conditions imply that

Using values C, we rewrite Cl:

M ' 2
Z O+ eirTm

- Ly |t

2 r2 —a
reZ’

Further using values Cy, we represent the desired function fo(x):

X ir(x+2m)
folw) = -2 §jmz=1am.e (36)
r)=——": :
0 o2 r2 — @

reZ

Relations (35) and (36) imply statement (a) (14).
The biorthogonal sequence for (13) (case (b)) is

{ulz,y), k1€ Z}={W  fi(x)e™, keZ,1eZ}, (37)

where we have to find the unknown function fy(z). We search for this function in the
form:

M .
Z QU eirem
fo(l‘) = CO —+ Z Cr eire + mzerd + Cloezlo(z—w) + C’_loe—zlo(a:—z)7
reZ/\{xlo}

then biorthodonality conditions imply that

M )
} : Oy, * ezrxm
_ . ilx m=1 o / .
(1 fo(@) = 1; | € + #=———, folz) | =0, I € Z\{#l};

(XMo@ fo(x)) = 0.
First, the conditions (e*"0==®) " f;(z)) = 0 imply that Cy, = 0,

T,

Qyy, + €

C’O:i_ Z Cr'l—,-

27 r?—a
reZ/\{£lo}

M=
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Further, for [ € Z'\{+ly} we find C; and Cy:

M
Z o - eil:cm
m
= S
2w 2 —a ’

C =

M . 2
Z am . ezrzm

1 =
Ch=— .11 m=. 000
7 or + Z r2—a
reZ\{£lo}

Furthermore, using the values Cy, we represent the desired function fy(x) :

M .
Z Ay - ezr(er:cm)

hin) =5 >

™
TEZ\{:H()}

(38)

«a

Relations (37) and (38) imply statement (b) (15). We apply the Paley-Wiener theorem
([14], p.206-207). Thus, Lemma 4.2 is completely proved.

7 Proof of Lemma 4.3
Using the method of separation of variables, and the relationship
" M 1" N
“X/@+ 3 anXifan) Y 0)+ 2 AYi(0)
m= + n= _
Xi(x) Yi(y)

=\ 2P ke, (39)

for the solution (11) we obtain the following spectral problems

N
V) + 2 BYelyn) = NValw), k€ Z, (40)
Ve =Y ), j =01,
" M (1)
_Xl (ZE) + Z Oéle(fL‘m) = )‘l Xl(ZL‘), l e, (41)
m=1

X (=m) = x(m), j=0, 1,

For problems (40) and (41) we need to consider the following four cases:

(a) Bk, leZ: a=1? B=K,

Mb)PkeZ: B=Kk? 3lhecZ: a=1,

(c)PleZ: a=1% Fky€Z: B=K,

(d) T ko, lo€Z: a=12 3=K.

Since problems (40) and (41) coincide with problem (26), all four cases of Lemma 4.3
are proved in the same way as case (b) of Lemma 4.1.
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(a). The case when P k,1 € Z . a = [?, B = k% By analogy with case (b)
of Lemma 4.1, we obtain the system of eigenfunctions and eigenvalues for spectral
problems (40) and (41) respectively in the form

N
Z /Bn _eikyn
Vi), A\?; k ez} = {eiku“kQ—B, AP =2 kez; 1, AP =B}, (42)
M .
Z o, ‘ezlmm
{(Xy(z), NV 1eZ) = {eilumzllz—, A= 1ez; 1, AV :a}. (43)
—

Relations (24), (42) and (43) imply statement (a) (16) of Lemma 4.3.

(b). The case when Ak €Z: B=k? Fly €Z: a=I2. By analogy with case (b)
of the Lemma 4.1, we obtain a system of eigenfunctions and associated functions and
eigenvalues for the spectral problem (41) in the form

M
Z Q- 6ilxm

{Xi(2), NV 1e2} = {e“x +o= AV =P 1eZ;

?—a

1, Ay = a, etz = a} (44)

where the associated functions are the following
[Xif@), A 1e Z} = {ete0, 30 =6 = (#1)*}

Relations (24), (42) and (44) imply statement (b) (17) of Lemma 4.3.

(c). The case when fl € Z: a=1? Fky€Z: B =Kk By analogy with case (b)
of the Lemma 4.1, we obtain a system of eigenfunctions and associated functions and
eigenvalues for the spectral problem (40) in the form

N

Z /Bn . eikyn
Yily), AW kezy =+ = NP =k, ke Zy
{ k(y)v k > € } € + kQ_B ) k ) € 2

LA = B, etitoln \® = B}. (45)
where associated functions are the following
- 5 e (o 5 _
VE(), ADs ke zy = {e v \Q = 5 — (k) }

Relation (24), (43) and (45) imply statement (c) (18) of Lemma 4.3.

(d). The case when 3 ko, lg € Z: & =12, B = k2. In this case, we obtain a system
of eigenfunctions and associated functions and eigenvalues for the spectral problems
(40) and (41) in the form (44) and (45).

Relation (24), (44) and (45) imply statement (d) (19) of Lemma 4.3. Thus, Lemma 4.3
is completely proved.
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8 Proof of Lemma 4.4
Let us find a biorthogonal sequence for (16) (case (a)). We search for it in the form:

{w(z,y), k1€ Z} —{ k) - go(y)e™, fo(x)e™, k1€ Z, fo(l’)go(y)}, (46)

where only functions fo(x), go(y) are unknown. Using the basis (16) by biorthogonality
conditions we find the unknown functions fy(z), go(y) :

- i (T+Tm) 3 +yn)
. oir(zt+Tm T(Y+yn
o)=Ly 122 )
xr) = —— = —— .
0 2 = r2 — o ’ 27 =

Relations (46) and (47) imply statement (a) (20).
Let us find a biorthogonal sequence for (17) (case (b)). We search for it in the form

{Yu(z,y), k1€ Z}={W ) go(y)e™, fo(x)e™, k, 1€ Z, folz)go(y)}, (48)

where we have to find the unknown functions fy(z), go(y). By appling biorthogonality
conditions we have

M
. pir(ztam) W(eryn
IRIE B A ¥ = —= - (49)
o= o r?—a W= Ton '

reZ\{+lo} rez — Bn

Relations (48) and (49) imply statement (b) (21).

Construction of biorthogonal basis for (18) (case (c)) is similar to case (b):

We consider a construction of biorthogonal basis for (19) (case (d)). Let us search
it in the form:

Wz, y), k1€l = {ei(mrky)a go(y)eilx7 fo(x)eikya k,lel, fo(x)go(y)}v (50)

where it is required to find the unknown functions fo(x), go(y). By the orthogonality
conditions we have:

M N
Z Q- eir(z+zm) Z Bn . e (ytun)

1 1 —
fle) =gz D gma— ab) =g X g

reZ\{=xlo} reZ\{=xko}

(51)
Relations (50) and (51) imply statement (d) (23). We apply the Paley-Wiener theorem
([14], p.206-207). Thus, Lemma 4.4 is completely proved.

9 Algorithm for solving stabilization problem

We propose the following algorithm for solving the stabilization problem for the heat
equation with a loaded two-dimensional Laplace operator. It consists of the following
constructively implemented steps.
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Step 1. We define the function zo(x,y) as a continuation of the given function
uo(z,y). Thus in the auxiliary boundary value problem (5)—(7) it is needed to continue
the function zo(x,y) on the square €2, so that the requirement (8) is satisfied for a
solution z(z,y,t) of the problem (5)—(7). In this case the condition (4) holds as well for
its restriction u(z,y,t) and a required boundary control p(z,y,t), {x,y} € ¥ is defined
as a trace of the function z(x,y,t) for {z,y,t} € 3.

Step 2. We construct complete biorthogonal system of functions on the square ),
by solving appropriate spectral problems.

Step 3. Find the coefficients of the decomposition for the desired function zy(z,y)
on the square 2; from constructed at the previous step complete biorthogonal system
so that the condition (8) holds.

Step 4. By the found solution z(z,y,t) of the auxiliary boundary value problem
(5)—(7) as restriction of it to the cylinder @ we find a solution u(z,y,t) to the given
boundary value problem (1)—(3), satisfying the required condition (4). A boundary
control p(z,y,t), {z,y} € 3 is found as a trace of the solution z(z,y,t), i.e.

p(x’ y7 t) - Z(x7 y? t)‘{xvyvt}ez'

10 Conclusion

The results of the work on the spectral properties of a loaded two-dimensional Laplace
operator can be useful in solving stabilization problems for a loaded parabolic equation
with the help of boundary control actions that can be used in problems of mathematical
modeling by controlled loaded differential equations.
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